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Abstract—Fiber nonlinearities, that lead to nonlinear signal
interference (NLI), are typically regarded as an instantaneous
material response with respect to the optical field. However,
in addition to an instantaneous part, the nonlinear fiber re-
sponse consists of a delayed contribution, referred to as the
Raman response. The imaginary part of its Fourier transform,
referred to as the Raman gain spectrum, leads to inter-channel
stimulated Raman scattering (ISRS). ISRS is a nonlinear effect
that redistributes optical power from high to lower frequencies
during propagation. However, as the nonlinear fiber response is
causal, the Raman spectrum obeys the Kramers-Kronig relations
resulting in the real part of the complex valued Raman spectrum.
While the impact of the imaginary part (i.e. ISRS) is well studied,
the direct implications of its associated real part on the NLI are
unexplored.
In this work, a theory is proposed to analytically quantify the
impact of the real Raman spectrum on the nonlinear interference
power. Starting from a generalized Manakov equation, an exten-
sion of the ISRS Gaussian Noise (GN) model is derived to include
the real Raman spectrum and, thus, to account for the complete
nonlinear Raman response. Accurate integral expressions are de-
rived and approximations in closed-form are proposed. Different
formulations for the case of single -and dual polarized signals are
derived and novel analytical approximations of the real Raman
spectrum are proposed. Moreover, it is analytically shown that
the real Raman spectrum scales the strength of the instantaneous
nonlinear distortions depending on the frequency separation of
the interacting frequencies. A simple functional form is derived
to assess the scaling of the NLI strength. The proposed theory is
validated by numerical simulations over C-and C+L band, using
experimentally measured fiber data.
Index Terms—Optical fiber communications, Gaussian noise
model, Nonlinear interference, nonlinear distortion, Stimulated
Raman Scattering, First-order perturbation, C+L band trans-
mission, Raman spectrum, delayed nonlinear response, Kramers-
Kronig relations
I. INTRODUCTION
THE optical fiber is a nonlinear transmission medium andas such imposes unique challenges on modern coherent
transmission systems. Within the conventional transmission
band (C-band, approximately 5 THz wide), the nonlinear re-
sponse is typically considered to be instantaneous with respect
to the optical field. In general, the instantaneous nonlinear
response leads to a power dependent phase shift in the time
domain, and through the interaction with chromatic dispersion,
to nonlinear signal fluctuations in amplitude and phase. In
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the context of coherent transmission, these nonlinear signal
fluctuations are often modelled as an additional source of
noise, denoted nonlinear interference (NLI) [1]–[3]. Although
the NLI can be partially mitigated [4]–[9] and its fundamental
limitation on channel capacity is still unkown [10], the NLI
and its estimation is of significant practical relevance for
modern optical transmission systems.
As a low complexity alternative to lengthy numerical
split-step simulations, numerous analytical models have been
proposed to estimate the power (and more) of the NLI and to
yield physical insight on underlying parameter dependencies
[1]–[3], [6], [11]–[19]. Analytical perturbation models offer
approximate solutions of the propagation equations and gained
substantial popularity in the last two decades. These models
exhibit low computational complexity, high reproducibility
and enable efficient system design [20], analytical throughput
estimations [21]–[23], physical layer aware networking [24]
and the derivation of novel nonlinearity mitigation schemes
[6], [7]. Within the C-band, where the nonlinear response
is often considered instantaneous, extensive numerical and
experimental validations were carried out, approving analytical
perturbation approaches [25]–[28].
However, models based on the conventional nonlinear
Schro¨dinger (NLSE) or Manakov (ME) equation, that assume
an instantaneous nonlinear response, cannot be applied to
transmission bandwidths beyond the C-band. For optical band-
widths beyond the C-band, the delayed part of the nonlinear
response, denoted the Raman response, becomes significant
and cannot be neglected. In fact, the Raman response may
also be relevant within the C-band, depending on accuracy
requirements and system parameters. The Raman response is a
fundamental property of the guiding medium originating from
molecular vibrations and is fully described by its spectrum,
referred to as the Raman spectrum. The imaginary part of
the Raman spectrum corresponds to the well-known Raman
gain spectrum, as originally measured by Stolen and Ippen
in 1973 [29]. The Raman gain spectrum characterizes the
power transfer between two frequencies as a function of
their frequency separation. It leads to inter-channel stimulated
Raman scattering (ISRS) which is a nonlinear effect that
redistributes optical power from high to lower frequencies
during propagation, where the power evolution is described
by the Raman gain equations [30].
While it is known how to include the Raman response
into numerical split-step simulations since 1989, based on
the generalized NLSE (GNLSE) [31], analytical perturbation
models that include the imaginary Raman spectrum were only
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recently introduced [32]. Analytical perturbation models were
extended to account for the imaginary Raman spectrum by
modelling the effect of ISRS. In particular, as the imaginary
Raman spectrum results in ISRS, it can be accounted for
by introducing a signal power profile (i.e. a suitable loss
function), such that the profile resembles the power transfer
caused by ISRS. Mathematically, the signal power profile
is obtained from the Raman gain equations [30] or their
analytical approximations [33], [34]. The approach neglects
the temporal gain dynamics of ISRS which, although not yet
analytically proven, seem to be negligible [35]–[38].
Applying that methodology, the conventional Gaussian
Noise (GN) model [1]–[3] was extended to account for ISRS,
denoted ISRS GN model, by either introducing effective
attenuation coefficients [32], [39] or by deriving a GN model
subject to a generic signal power profile [39]–[43]. In addition
to accurate integral formulations, fast closed-form approxi-
mations have been proposed to enable real-time performance
estimations [32], [44]–[46]. A quantitative comparison be-
tween both approaches in integral and closed-form can be
found in [47]. Furthermore, the link function of the ISRS GN
model can be combined with the formalism derived in [48],
to account for arbitrary (non-Gaussian) modulation formats
[49]–[52]. To avoid any additional computational complexity,
as often associated with modulation format aware models, a
modulation format correction in closed-form was derived in
[49], [53]. Although, some features of NLI (e.g. correlation
time, phase noise etc.) and their relations to ISRS are still un-
explored, the imaginary part of the complex Raman spectrum
has been successfully integrated in the analytical modelling of
the nonlinear distortions.
However, as the Raman response is a causal response
function, its spectrum obeys the Kramers-Kronig (KK) rela-
tions leading to a non-zero real part of the complex Raman
spectrum [54]–[56]. While the impact of the imaginary part
is well known (leading to an ISRS power transfer), studies
about the real Raman spectrum and its consequences are less
prevalent. In [55], [56], it was shown that the real Raman
spectrum changes the nonlinear refractive index, indicating
changes on the nonlinear interference. However, to the best of
our knowledge, the actual qualitative and quantitative impact
of the real Raman spectrum on the NLI is unknown and has
not been investigated.
In this work, a theory is proposed to numerically and
analytically assess the impact of the Raman response on the
NLI, with particular emphasis on the real part of the com-
plex valued Raman spectrum. First, the generalized Manakov
equation (GME) is introduced that is suitable to study a
delayed nonlinear response to all orders and which serves as
a basis for a first-order regular perturbation (RP1) approach.
Formulas to estimate the fractional contribution of the Raman
response on the total nonlinear response are presented and a
novel analytical approximation of the real Raman spectrum is
proposed.
The key contributions of this work are twofold: First, the
RP1 approach is applied to the GME, extending the ISRS
GN model to account for the real Raman spectrum and,
thus, accounting for the complete Raman response. Second,
enabled by a closed-form approximation of the ISRS GN
model, the impact of the real Raman spectrum on the NLI is
found analytically. It is shown that the real Raman spectrum
scales the NLI depending on the frequency separation of
the interacting frequencies. It is also shown that the relative
NLI scaling is only a function of the real Raman spectrum
itself. Additionally, it is demonstrated that the NLI scaling is
different for single and dual polarized signals.
Finally, the proposed model is validated by numerical
simulations over the C-band (5 THz) and the C+L band
(10 THz). Transmission scenarios where the real Raman
spectrum is relevant, and where its impact can be neglected,
are identified.
The remainder of this paper is organized as follows: In
Sec. II the general formalism is introduced to numerically
model the impact of a delayed nonlinear response on the
propagating electrical field. The fractional contribution
of the Raman response is addressed in Sec. II-A and a
novel analytical approximation of the complex Raman
spectrum is proposed in Sec. II-B. In Sec. III, the ISRS GN
model is extended to account for the real Raman spectrum.
Approximations in closed-form and scaling factors, that
analytically assess the impact of the real Raman spectrum,
are derived in Sec. IV. The results are then used in Sec. V
to analytically show the impact of the real Raman spectrum
on the NLI, where the special case of single polarization is
discussed in Sec. VI. Finally, the derived theory is numerically
validated in Sec. VII, with an optical bandwidth of up to
5 THz in Sec. VII-A and of up to 10 THz in Sec. VII-B and
VII-C.
II. THE DELAYED NONLINEAR FIBER RESPONSE
This section covers the mathematical framework to study
the impact of a delayed nonlinear response on the propagating
optical wave. In [31] the NLSE was generalized to account for
a delayed nonlinear response for single polarization, which the
authors refer to as the generalized NLSE (GNLSE). Similar
to the GNLSE, the Manakov equation can be generalized to
account for a delayed nonlinear response, referred to as the
generalized Manakov equation (GME) and written as
∂
∂z
Ex (z, t) =
(
−α
2
− j β2
2
∂2
∂t2
+
β3
6
∂3
∂t3
)
Ex (z, t)
+ jγEx (z, t)
∫
h (τ)
[
|Ex (z, t− τ)|2 + |Ey (z, t− τ)|2
]
dτ,
(1)
where Ex (z, t) and Ey (z, t) are the complex envelopes of
the electric field in x and y-polarizations, α is the attenuation
coefficient, β2 is the group velocity dispersion (GVD), β3 is
the GVD slope, γ is the nonlinearity coefficient and h (t) is the
nonlinear impulse response. The nonlinear response consists of
an instantaneous part, caused by electronic contributions, and
a delayed part, caused by molecular vibrations. The nonlinear
impulse response is written as [57], [58]
h(t) =
8
9
(1− fr) δ (t) + frhr(t), (2)
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with the fractional contribution of the Raman response fr
and the Raman response itself hr(t). The Fourier transform
of the Raman response hr(t) is referred to as the complex
valued Raman spectrum Hr(f) = F {hr(t)}. The fractional
contribution of the Raman (delayed) response fr is addressed
in more detail in Sec. II-A.
The GME (1) and the nonlinear impulse response written
as in (2) extend the result in [58, Eq. (103)] to account for
all orders of the delayed optical field and is similar to the
GNLSE in the case of single polarization [31]. In [58], it was
shown that, for dual polarized signals, rapidly varying birefrin-
gences only scale the instantaneous part of the nonlinear fiber
response by the well-known factor 89 as written in Eq. (2). In
Appendix A, it is shown that the GME reduces to the result in
[58, Eq. (103)], when the delayed optical field is approximated
to first-order, i.e. E (t− τ) = E (t) − τ ∂∂tE (t). It is also
shown that this approximation is equivalent to a zeroth-order
approximation of the real and a first-order approximation of
the imaginary part of the nonlinear response. This corresponds
to a constant real, and linear imaginary Raman spectrum.
However, to study the impact of the functional shape of the
real Raman spectrum, higher orders must be included and Eqs.
(1)(2) serve as a basis for the remainder of this work.
It is useful to analyse the GME (1) in the frequency
domain1 due to the convolution in the nonlinear term. The
GME in the frequency domain is
∂
∂z
Ex (f) = Γ˜(f)Ex (f)
+ jγEx (f) ∗H(f)
[
Ex(f) ∗ E∗x (−f) + Ey(f) ∗ E∗y (−f)
]
(3)
with complex propagation constant Γ˜(z, f) = g(z,f)2 +
j2pi2β2f
2 + j 43pi
3β3f
3 and g (z, f) is an arbitrary loss profile
which can be used to analytically model the impact of inter-
channel stimulated Raman scattering (ISRS) and which arises
from the imaginary part of the Raman response. To obtain
(1), the loss profile is g (z, f) = −α. The nonlinear transfer
function is
H(f) =
8
9
(1− fr)︸ ︷︷ ︸
instantaneous
+ frHr(f)︸ ︷︷ ︸
delayed
,
(4)
with the complex valued Raman spectrum as
Hr (f) = nr (f)︸ ︷︷ ︸
real part
+j gr (f)︸ ︷︷ ︸
ISRS
,
(5)
where nr (f) and gr (f) are the real and imaginary parts
of the Raman spectrum. The imaginary part of the Raman
response leads to inter-channel stimulated Raman scattering
which amplifies low frequencies at the expense of high
frequency components during propagation. The real part of
the Raman spectrum originates from the causality principle
of the nonlinear response [54]–[56]. The imaginary Raman
spectrum (the Raman gain spectrum) can be obtained from
1In this work, the Fourier transform is defined as in [57], i.e., the forward
transform is given by F {f (t)} (f) = ∫ f (t) ej2piftdt.
fiber measurements. The complex Raman spectrum as in (5)
is connected to the measured Raman gain spectrum as
nr (f) =
1
2Aefffrγ
n˜r (f) =
λ0
4pifrn2
n˜r (f)
gr (f) =
1
2Aefffrγ
g˜r (f) =
λ0
4pifrn2
g˜r (f)
(6)
where Aeff is the effective core area, λ0 is the reference
wavelength, n2 is the nonlinear refractive index and g˜r (f) is
the co-polarized Raman gain spectrum, that is obtained from
measurements. To show that (6) is the correct normalization
(Hr (f) is dimensionless), the Raman gain equations are
derived from the GME in Appendix B.
It is sufficient to measure the real or the imaginary part of
the Raman spectrum as both are related through the Kramers-
Kronig (KK) relations, originating from the causality principle.
Using the KK relations, the real part of the co-polarized
Raman gain spectrum is
n˜r (f) = H{g˜r (f)} = 1
pi
p.v.
∫
g˜r (f
′)
f ′ − f df
′ (7)
where H{·} denotes the Hilbert transform and p.v. denotes the
Cauchy principal value. The functional shape of the complex
valued Raman spectrum is further addressed in Sec. II-B.
A. The fractional contribution of the Raman response fr
In this section the fractionional contribution of the Raman
response fr is discussed in more detail. The quantity fr can
be obtained directly from the real Raman spectrum. This is
because the Raman response hr (t) has a fractional contri-
bution on the instantaneous part of the nonlinear response.
To examine this for single polarization, we analyse Eq. (33)
(with Ey (z, t) = 0, n = 0 and 89 → 1) which is the GNLSE
only considering instantaneous effects on the electrical field,
mathematically E (z, t− τ) = E (z, t) and resulting in
∂
∂z
Ex (z, t) =
(
−α
2
− j β2
2
∂2
∂t2
+
β3
6
∂3
∂t3
)
Ex (z, t)
+ jγEx (z, t) |Ex (z, t)|2
[
(1− fr) + 1
2Aeffγ
n˜r (0)
]
.
(8)
Eq. (8) shows that, while the imaginary part of the Raman
response vanishes, the real part imposes a contribution on
the instantaneous nonlinear response with a constant value
n˜r (0). This means that the real part, evaluated at f = 0,
is present for any spectral distribution of the electrical field
and that it cannot be distinguished from quasi-instantaneous
contributions of the nonlinear response. In other words, n˜r (0)
directly contributes to the nonlinear refractive index n2 (and
in turn to the nonlinearity coefficient) [55]. As a consequence,
experimental measurements of the nonlinearity coefficient (or
the nonlinear refractive index) measure the instantaneous con-
tribution of both, the instantaneous and the Raman response.
This motivates the normalization of the Raman response such
that
1
!
= (1− fr) + 1
2Aeffγ
n˜r (0) , (9)
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and we obtain the fractional contribution of the Raman re-
sponse
fr =
λ0
4pin2
n˜r (0) . (10)
Additionally, Eq. (10) yields a normalization of the real Raman
spectrum such that nr (0) = 1.
The complex Raman spectrum of a Corning R© SMF-28 R©
ultra low loss (ULL) fiber is shown in Fig. 1. Assuming
λ0 = 1550 nm and n2 = 2.1 · 10−20 m2W−1 (a typical value
for silica-core fibres [59]), the fractional contribution of the
Raman response is fr = 0.23. This means that around 23% of
the nonlinearity coefficient γ stems from the Raman response
and 77% stems from the quasi-instantaneous, electronic contri-
butions. A value of n2 = 2.6·10−20 m2W−1 yields a fractional
contribution of fr = 0.18, which is consistent with the values
reported in [55], [57]
The normalisation of the Raman response was carried out
with respect to the single polarization case. If the polarisation
state changes randomly along the fiber length, as described
by the GME (1), only the instantaneous part of the nonlinear
response is reduced by a factor of 89 in (2). This results in
a different normalization of the Raman response with respect
to the GME, or in a sightly different measurement of n2 in
long fiber lengths [58]. However for the remainder of this
manuscript, we assume that n2 was evaluated according to
the single polarization case, e.g. by measuring the nonlinear
refractive index for short or polarization-maintaining fibers
and therefore corresponds to a normalization as in (10). Only
accounting for instantaneous nonlinear effects on the electrical
field in the GME leads to
∂
∂z
Ex (z, t) =
(
−α
2
− j β2
2
∂2
∂t2
+
β3
6
∂3
∂t3
)
Ex (z, t)
+ j
8 + fr
9
γEx (z, t)
[
|Ex (z, t)|2 + |Ey (z, t)|2
]
,
(11)
which reduces to the conventional Manakov equation if the
Raman response is neglected, i.e. fr = 0 [58]. It should
be added that one could introduce an effective nonlinearity
coefficient as γeff = 8+fr8 γ for dual polarization signals, to
resemble the conventional Manakov equation and in case γeff
was obtained from dual polarization measurements in long
fibers.
B. Analytical approximation of the complex Raman spectrum
Hr (f)
In this section, a novel analytical approximation for the
complex Raman spectrum is proposed. Due to the one-to-
one relationship of the KK relations, a suitable analytical
approximation can be found for either the real or the imaginary
part. A very effective analytical description of the imaginary
part (i.e. the Raman gain spectrum) is given by the triangular
approximation, which is a linear regression of the imaginary
part and valid up to 15 THz [60]. While significantly more
complex (and more accurate) analytical approximations exist,
only the triangular approximation leads to an analytical so-
lution of the Raman gain equations to obtain a closed-forn
formula for the ISRS power transfer [33], [34]. This solution
−20 −10 0 10 20
−6
−4
−2
0
2
4
6
·10−14
Frequency [THz]
co
m
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ex
R
am
an
sp
ec
tr
um
[ m W]
gain spectrum g˜r (f), experimental
real part n˜r (f), experimental
gain spectrum g˜r (f), Eq. (12)
real part n˜r (f), Eq. (13)
Fig. 1: The real and imaginary part of the complex Raman spectrum
H˜r (f) = n˜r (f) + jg˜r (f) of a SMF-28 ULL fiber. The spectrum
was obtained from experimental measurements of the imaginary part
and using the proposed analytical approximations Eqs. (12) and (13).
can then be used to obtain analytical formulas in integral and
closed-form for estimating the NLI in the presence of inter-
channel stimulated Raman scattering [41], [42], [46].
The functional shape of the imaginary Raman spectrum
arises from the amorphous structure of silica and can be
separated into an isotropic (direction independent) and a
less significant anisotropic (direction dependent) contribution,
where the isotropic part is responsible for the entire triangular-
like shape and the anisotropic part is solely responsible for
the local peak at around 3 THz, known as the Boson peak
[56]. The isotropic part, that is responsible for the majority
of Raman gain spectrum, is well modelled by the triangular
approximation or other analytical approximations based on
damped-harmonic oscillators and Lorentzian profiles [31],
[55], [61]. While both approaches are suitable for modelling
the imaginary part, they do not sufficiently describe the Boson
peak around 3 THz, which is particularly important for the real
Raman spectrum.
For the imaginary part (i.e. for ISRS) an accurate modelling
for large frequency separations (> 5 THz) is important due
to the large Raman gain in that region. However for the
real part, good accuracy for low frequency separations is
required (which will be clearer in Sec. V) where the Boson
peak has a pronounced impact. As a result, the triangular and
single Lorentzian approximations of the imaginary part are not
suitable to analytically approximate the real Raman spectrum.
In [56] an approximation for the Boson peak was proposed
using a single functional form in the time domain. In [62],
13 vibrational modes were introduced to accurately fit the
entire complex Raman response in the time domain. Although
both approaches are suitable for modelling the real part, we
adopt a different fitting approach in this work. Similar to
the triangular approximation, we seek a simple representation
directly in the frequency domain that is sufficiently accurate
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for the use in analytical perturbation models. For this purpose,
we superimpose the triangular approximation with a suitable
sine wave, mathematically
g˜r (f) =
[
C˜r · f + A˜r · sin (ω˜rf)
]
Π
(
f
B˜r
)
, (12)
with Π (x) denoting the rectangular function and B˜r =
30 THz. The sine wave in (12) leads to a more accurate
description of the imaginary part for low frequency separa-
tions, necessary to account for the Boson peak. Using the KK
relations (7), the imaginary part (12) can be transformed to its
corresponding real part. This is done in Appendix C with the
result as
n˜r (f) =
C˜r
pi
[
f log
(∣∣∣∣∣2f − B˜r2f + B˜r
∣∣∣∣∣
)
+ B˜r
]
+ A˜r · cos (ω˜rf) + D˜r.
(13)
The parameter D˜r was introduced to offset the mismatch of the
integration domain between (12) and the actual Raman gain
function, which leads to a vertical offset. While the parameters
in (13) have physical origins and their values could potentially
be derived, we choose to treat them as fitting parameters. In
particular, the parameters are fitted using the impact of the
real part on the XPM contribution of the NLI as cost function
(addressed in Sec. V).
Fig. 1 shows the real and imaginary part of the Raman
spectrum obtained from measurements of a SMF-28 ULL and
their analytical approximations given by (13) and (12). The
fitting parameters are C˜r = 3.87 · 10−27 mWHz . B˜r = 30 ·
1012 Hz, A˜r = 4.2 · 10−15 mW , ω˜r = 7.20 · 10−13 rad · Hz
D˜r = −2.12·10−15 mW . The analytical approximation proposed
in this section is in excellent agreement with the experimental
measurements. This is particularly true for the Boson peak in
the real part around f = 0, making (13) ideal for modelling
the impact of the real Raman spectrum on the NLI. In Sec V,
the goodness of fit of (13) is evaluated with respect to NLI
predictions.
III. EXTENDING THE ISRS GN MODEL
In this section, the ISRS GN model is extended to analyti-
cally account for the complete Raman response. As discussed
in Sec. II, the imaginary Raman spectrum leads to inter-
channel stimulated Raman scattering, redistributing power
across the optical spectrum during propagation. In our previous
work, we derived the ISRS GN model that is capable to
account for ISRS and for the imaginary Raman spectrum.
We derived accurate integral formulations [32], [41], [42] and
a closed-form approximation for Gaussian constellations [46]
and arbitrary modulation formats [49], [53]. In the following,
these results are extended to account for the real Raman
spectrum and, thus, for the complete Raman response.
In the following, the general formalism of analytical
performance estimation is briefly introduced. After coherent
detection and electronic dispersion compensation, the channel
dependent signal-to-noise ratio (SNR) can be calculated as
SNRi ≈ Pi
nPASE + ηnP 3i
, (14)
where Pi is the launch power of channel i, PASE is the ampli-
fied spontaneous emission (ASE) noise power over the channel
bandwidth and ηn is the nonlinear interference coefficient after
n spans. When the channel bandwidth Bch is small compared
to the total optical bandwidth Btot, the power spectral density
(PSD) of the NLI can be considered locally flat and ηn can
be approximated as
ηn (fi) =
∫ Bch
2
−Bch2
G (ν + fi)
P 3i
dν ≈ Bch
P 3i
G (fi) , (15)
where fi is the center frequency of channel i. The PSD of
the nonlinear interference G (f) is obtained from analytical
perturbation approaches.
The extension of the ISRS GN model, to account for
the real Raman spectrum, for dual polarization is derived in
Appendix D, with the result as
G(f) =
16
27
γ2
∫ ∫
df1df2 GTx(f1)GTx(f2)GTx(f1 + f2 − f)
·
∣∣∣∣∣
∫ L
0
dζ
√
ρ(ζ, f1)ρ(ζ, f2)ρ(ζ, f1 + f2 − f)
ρ(ζ, f)
ejφ(f1,f2,f,ζ)
∣∣∣∣∣
2
· [2R2 (f − f1) +R (f − f1)R (f − f2)] ,
(16)
with
R(f) =
9
8
√
3
<{H(f)} , (17)
and φ = −4pi2β2 [(f1 − f)(f2 − f) + piβ3(f1 + f2)] ζ. The
variable ρ(z, f) is the normalized signal power profile (e.g.
ρ(z, f) = e−αz in the absence of ISRS), which accounts for
the imaginary Raman spectrum and ISRS. The normalized
power profile can be obtained from the Raman gain equations
or directly from (1), as shown in Appendix B. For more details
on the signal power profile and the ISRS term, the reader is
referred to [41, Sec. II]. Using the triangular approximation
of the imaginary Raman spectrum, as in (12) with Ar = 0,
yields an analytical form of the ISRS GN model as
G(f) =
16
27
γ2
∫ ∫
df1df2 GTx(f1)GTx(f2)GTx(f1 + f2 − f)
·
∣∣∣∣∣
∫ L
0
dζ
Ptote
−αζ−PtotCrLeff(f1+f2−f)∫
GTx(ν)e−PtotCrLeffνdν
ejφ(f1,f2,f,ζ)
∣∣∣∣∣
2
· [2R2 (f − f1) +R (f − f1)R (f − f2)] ,
(18)
where Cr = 12Aeff C˜r is the regression slope of the polarization
averaged Raman gain profile normalized by the effective core
area. Both, (16) and (18) are derived for a single span that can
be trivially extended for multi-span systems using the phased
array term [41, Eq. (5)] or the result in [42] for non-repetitive
spans.
The novel contribution in Eqs. (16)(18) are the terms
that involve R (f) which accounts for the real Raman spec-
trum. The normalization factor in (17) was introduced for
convenience, such that Eqs. (16)(18) have the same prefactor
as standard GN model approaches for dual polarization (i.e.
3 223
82
92 =
16
27 ). It should be noted that < {H(f)} contains
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the real part of the instantaneous and the Raman response as
in (4). The Raman spectrum Hr (f) can be obtained from
measurements or from the proposed approximation (13) to
yield a fully analytical model.
In the case of fr = 0, Eqs. (16)(18) are identical to the
ISRS GN model proposed in [41]. For completeness, it should
be mentioned that fr = 0 physically implies the absence of
ISRS which, in the model, has to be set manually by setting
ρ(z, f) = e−αz in (16) and Cr = 0 in (18). This is because
the imaginary Raman spectrum is modelled via a signal power
profile. In the absence of the Raman spectrum and ISRS, the
results converge to the conventional GN model [2], [3].
IV. APPROXIMATION IN CLOSED-FORM
In this section, the impact of the real Raman spectrum is
analytically evaluated using the newly derived model (16). In
particular, scaling factors are derived for the SPM and XPM
contribution of the total NLI, such that known closed-form
approximations of the ISRS GN model [46], [49], [53] can be
extended to account for the real Raman spectrum.
It is often useful to analytically extract the SPM and XPM
contribution from the total NLI. This approach is referred to as
the XPM assumption. The SPM contribution ηSPM (fi) is the
part of the total NLI that the channel of interest (COI) imposes
on itself. The XPM contribution η(k)XPM(fi), on the other hand,
is the NLI part that a single interfering channel k located at fk
imposes on the COI located at fi. The entire XPM contribution
is then obtained by summing over all interfering channels
{k ∈ N | 1 ≤ k ≤ Nch and k 6= i}. NLI contributions that are
jointly generated by multiple channels are neglected for this
analysis. For more details about the XPM assumption, the
reader is referred to [46, Sec. II.b)].
The benefit of the XPM assumption is a vast reduction of
the integration domain in (16) where the integration carried out
over the frequency triplet (f1, f2, fi), denoting the nonlinear
perturbation on frequency component fi caused by frequencies
f1, f2 and fi itself. For the XPM assumption, it is assumed
that the Raman spectrum can be considered invariant over
one channel bandwidth (cf. Fig. 1), mathematically R (f) ≈
R
(
f + Bi2
)
. As are result, the terms involving R (f) can be
taken out of the integration in (16). The precise integration
domain approximations, only for the terms involving R (f),
are given in the following:
For the SPM contribution, the frequency triplet (f1, f2, fi) can
be approximated by
(f1 + fi, f2 + fi, fi) ≈ (fi, fi, fi) ,
for f1 ∈
[
−Bi
2
,
Bi
2
]
and f2 ∈
[
−Bi
2
,
Bi
2
]
.
(19)
For the XPM contribution, two summands arise, where their
frequency triplets (f1, f2, fi) can be approximated by
i): (f1 + fi, f2 + fk, fi) ≈ (fi, fk, fi) ,
for f1 ∈
[
−Bi
2
,
Bi
2
]
and f2 ∈
[
−Bk
2
,
Bk
2
]
,
ii): (f1 + fk, f2 + fi, fi) ≈ (fk, fi, fi) ,
for f1 ∈
[
−Bk
2
,
Bk
2
]
and f2 ∈
[
−Bi
2
,
Bi
2
]
.
(20)
Eqs. (19)(20) can be used to introduce scaling factors for the
SPM and the XPM contribution that entirely capture the effect
of the real Raman spectrum.
Under the XPM assumption, the nonlinear interference
coefficient after one span can be written as
η1 (fi) ≈ RSPMηSPM (fi) + ηXPM (fi) , (21)
with the total XPM contribution as
ηXPM (fi) =
Nch∑
k=1,k 6=i
RXPM (∆f) η
(k)
XPM(fi). (22)
The scaling factors for SPM RSPM and XPM RXPM (∆f)
account for the real Raman spectrum and both are normalized
such that RSPM = RXPM (∆f) = 1 for fr = 0. As a result, the
NLI contributions for SPM ηSPM (fi) and XPM η
(k)
XPM(fi) can
be directly obtained from known closed-form approximations
(e.g. [46, Eqs. (10-11)]). Utilising Eqs. (19)(20), the scaling
coefficients are given by
RSPM = 3R
2 (0) , (23)
and
RXPM (∆f) = R
2 (∆f) +R (∆f)R (0) +R2 (0) , (24)
where ∆f = |fi − fk|. Eqs. (23)(24) combined with the
analytical approximation of the real Raman spectrum (13)
lead to a fully analytical model in closed-form to account for
the real Raman spectrum, without the need of any numerical
computation.
V. THE IMPACT OF THE REAL RAMAN SPECTRUM ON THE
NONLINEAR INTERFERENCE
In this section, the scaling factors, derived in the previous
section, are used to assess the impact of the real Raman
spectrum on the nonlinear interference power. The imagi-
nary part of the Raman response is modelled via ISRS and
the signal power profile ρ (z, f). Therefore, we define the
SPM/XPM impact of the real Raman spectrum with respect
to an instantaneous nonlinear response as
η
(k)
XPM (fi)
∣∣∣
fr 6=0
η
(k)
XPM (fi)
∣∣∣
fr=0
= RXPM (∆f) . (25)
Remarkably, the only assumption in deriving (25) is that the
complex Raman spectrum is constant over a single channel
bandwidth. Additionally, (25) converges to the SPM impact
for ∆f → 0. It is therefore very accurate in evaluating the
impact of the real Raman spectrum on the SPM and XPM
contribution which, in most cases, represent the total amount
of the NLI.
The impact of the real Raman spectrum on the NLI,
after (25), as a function of the frequency spacing between
interfering channel and channel of interest is shown in Fig.
2. The real Raman spectrum was taken from experimental
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measurements and from its analytical approximation (13), as
shown in Fig. 1.
For a frequency separation of ∆f = 0, the real Raman
spectrum leads to an increase in NLI. This is a consequence of
the fractional Raman contribution fr and n˜r (0), as discussed
in Sec. II-A and in [58]. This results in a constant factor (an
offset in dB scale) of precisely RXPM (0) = 3R2 (0) =
γ2eff
γ2 =
(8+fr)
2
82 = 0.2456 dB. However, one of the key contributions
of this work is the determination of the impact of the real
Raman spectrum for ∆f 6= 0 as the result in [58, Eq. (103)]
only accounts for ∆f = 0 (i.e. to zeroth-order).
Fig. 2 shows that the real Raman spectrum increases
the NLI for closely spaced channels and then decreases the
XPM contribution with increasing frequency separation. The
reader is reminded that this is not due to channel walk-
off or dispersive effects, and solely a property of the real
Raman spectrum. The NLI is reduced by around 0.32 dB when
the frequency separation between COI and INT is 6 THz,
and further decreased for increasing frequency separations.
The total NLI is (approximately) a summation over all XPM
contributions and the impact of the real Raman response is
then a weighted sum of the function RXPM (∆f).
Fig. 2 shows a good agreement between the measured
real Raman spectrum and its analytical approximation (13).
In this work, the fitting parameter in (13) have been chosen
to minimize the squared errors of RXPM (∆f) for ∆f ∈
[0, 10] THz. This has been done as we are interested in a
good fit of (13) with respect to the NLI, rather than in terms
of Raman spectrum itself. As a result, (13) yields an excellent
analytical approximation of the real Raman spectrum for NLI
predictions.
In conclusion, we analytically quantified that the real
Raman spectrum reduces the NLI as a function of increasing
frequency separation between COI and INT. Additionally, we
proposed suitable analytical approximations of the impact
of the real Raman spectrum to avoid the need of extensive
measurements, enabling cross validations and analytical per-
formance estimations in closed-form.
VI. SINGLE POLARISATION CASE
In this section, the case of single polarization (e.g. using
polarization maintaining fibers) is discussed. For the single
polarization case, the evolution of the complex envelope of
the electrical field is govered by the generalized nonlinear
Schro¨dinger equation [31]. In the context of analytically
modelling the real Raman spectrum, the single polarization
case requires a separate discussion as its functional form is
different. The detailed derivation is carried out in Appendix D
with the result being
G(f) = 2γ2
∫ ∫
df1df2 GTx(f1)GTx(f2)GTx(f1 + f2 − f)
·
∣∣∣∣∣
∫ L
0
dζ
Ptote
−αζ−PtotCrLeff(f1+f2−f)∫
GTx(ν)e−PtotCrLeffνdν
ejφ(f1,f2,f,ζ)
∣∣∣∣∣
2
· [R2 (f − f1) +R (f − f1)R (f − f2)] ,
(26)
0 2 4 6 8 10 12 14
0.25
0
−0.5
−1
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0.32 dB
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X
PM
im
pa
ct
[d
B
]
using n˜r (f) after experimental data
using n˜r (f) after Eq. (13)
Fig. 2: The impact of the real Raman spectrum (fr = 0.23) with
respect to an instantaneous nonlinear response (fr = 0) on the XPM
contribution of the NLI, after (25). Note that a freqeuency separation
of ∆f = 0 represents the SPM contribution of the NLI. Shown are
the results obtained from a measured and an analytical approximation
of the complex Raman spectrum as shown in Fig. 1. The parameters
of the analytical approximation are listed in Sec. II-B. The results
only consider the real part of the complex Raman spectrum and
neglect ISRS.
with
R(f) =
1√
2
<{H(f)} , (27)
and where 89 → 1 in the nonlinear transfer function (4). Eq.
(26) is an extension of the ISRS GN model to account for
the real Raman spectrum for single polarization. The scaling
factor for the SPM/XPM contribution in the case of single
polarization is
RXPM (∆f) =
R2 (∆f) + 2R (∆f)R (0) +R2 (0)
2
. (28)
The single polarization case (26)(27)(28) differs from the
dual polarization case (16)(17)(25) by more than the usual
pre-factor of 2 → 1627 . This is due to the averaging in the
random variables, representing the modulation symbols (see
Appendix Db)). In the case of dual polarization, an additional
cross-polarization component contributes to the term involving
R (f), resulting in the different functional form between single
and dual polarization. In the remainder of this paper, however,
only the case of dual polarization is considered.
VII. NUMERICAL VALIDATION
In the following, the ISRS GN model (16) is validated
by numerical simulations. The numerical simulator aims to
solve the generalized Manakov equation (1) using the split-
step Fourier method (SSFM) with parameters listed in Table
I.
To validate the proposed theory, a circular, complex
Gaussian constellation is chosen as modulation format to
resembles the initial condition in the derivation of the ISRS
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GN model. The impact of the real Raman spectrum, and the
validation of Eq. (16), is carried out over the C-band (5 THz
optical bandwidth) in Section VII-A and over the C+L-band
(10 THz optical bandwidth) in Sections VII-B and VII-C. For
each transmission scenario, two different symbol rates were
considered; a) 5 GBd with a launch power of -8 dBm per
channel and b) 40 GBd with a launch power of 1 dBm per
channel. The launch powers were chosen such that both cases
exhibit the same power spectral density within a single WDM
channel.
The SSFM implements the GME as in (1). In contrast to
previous works [41], [46], [49], ISRS is implemented through
the imaginary part of the Raman spectrum and not via a
signal power profile (i.e. g (z, f) = −α in (3)). The nonlinear
response was implemented in the nonlinear step by filtering
the optical power over both polarizations with the nonlinear
transfer function H(f), as suggested in [31] for solving the
GNLSE. The filtering process (convolution operation) in the
time domain requires an additional fast Fourier transform
(FFT) and inverse fast Fourier transform (iFFT) pair for every
nonlinear step, increasing the computational complexity of
the SSFM algorithm by around 50%. The step size was
logarithmically distributed with a total of 250000 steps per
fiber span.
For validation purposes, only single span transmission
was considered, assuming ideal amplification and gain equal-
ization. To ease the comparison of the NLI power between
model and simulation, no amplified spontaneous emission
(ASE) noise was injected at the amplification stage. At the
receiver, digital dispersion compensation, ideal root-raised-
cosine (RCC) matched filtering and constellation rotation
was carried out. The SNR was then estimated as the ratio
between the variance of the transmitted symbols E[|X|2] and
the variance of the noise σ2, where σ2 = E[|X − Y |2]
and Y represents the received symbols after digital signal
processing. In order to improve the simulation accuracy, four
different data realizations were simulated and averaged for
each transmission.
For the numerical validations, we define the impact of the
real Raman spectrum as
∆η1 =
γ2
γ2eff
η1 (fi)
∣∣∣
fr 6=0
η1 (fi)
∣∣∣
fr=0
=
γ2
γ2eff
SNR−1NLI,i
∣∣∣
fr 6=0
SNR−1NLI,i
∣∣∣
fr=0
, (29)
where γeff = 8+fr8 is the effective nonlinearity coefficient
(see Sec. II-A), responsible for the 0.2456-dB shift in Fig.
2. It should be emphasized that the imaginary part (ISRS)
were considered in both cases, regardless of fr. Eq. (29) was
defined such that it removes the zero’th order impact with
respect to dual polarization or the GME (i.e. 8+fr9 → 89γeff
). This was done for two reasons: 1) In practice, γeff might
be obtained by fitting experimental measurements using dual
polarized signals. As a consequence, the impact of γeff, as
opposed to γ, might be accounted for by ’default’. 2) The
zero’th order impact of the real Raman spectrum on dual
polarized signals was discovered in [58]. To highlight the
contribution of this work, we chose to remove the zero’th
TABLE I: System Parameters
Parameters a) b)
Symbol rate [GBd] 5 40
Channel spacing [GHz] 5.005 40.005
Channel Launch Power (Pi) [dBm] -8 1
Reference Wavelength [nm] 1550
Roll-off factor [%] 0.01
Loss (α) [dB/km] 0.16
Dispersion (D) [ps/nm/km] 16.4
Dispersion slope (S) [ps/nm2/km] 0.067
NL coefficient (γ) [1/W/km] 0.104
Effective core area [µm2] 81.8
Raman gain slope (Cr) [1/W/km/THz] 0.0236
Raman gain (Cr · 14 THz) [1/W/km] 0.33
Number of symbols [2x] 14 17
Simulation steps per span [106] 0.25
order impact in this section. In summary, Eq. (29) measures
the impact of the frequency dependence of the real Raman
spectrum, that cannot be modelled and offset by using an
effective nonlinearity coefficient.
In the next sections, Eq. (29) will be evaluated using
numerical simulations and the ISRS GN model (16) to validate
the theory proposed in this work.
A. C-band transmission results
In this section, transmission over the entire C-band (5 THz
optical bandwidth) is considered. The transmitted channel
configurations are spectra that occur in mesh optical network
transmission. 501 and 64 channels slots were available for
the a) 5GBd and b) 40 GBd case, respectively. The spectral
occupancy of the transmitted spectra was around 25%.
In the following, the chosen transmission spectra are
explained in more detail. A prevailing routing and wavelength
assignment (RWA) algorithm is k-shortest path - first fit (kSP-
FF). An incoming demand request for a given node pair,
is assigned to the first non-blocking wavelength (i.e. last
frequency) slot for the light path setup. If a non-blocking
wavelength slot is available on the current path, the light path
is established. If no non-blocking wavelength slot is available,
the second shortest path between the requested node pair is
scanned. If no non-blocking wavelength slot is available for
the second shortest path, the third shortest path is scanned
which is repeated until the k-shortest paths were scanned.
kSP-FF results in transmission spectra where high frequency
channels have a significantly higher spectral occupation than
lower frequency channels (cf. [63, Fig. 9] ). The reason for
this behavior is that the network blocking probability is low
at the beginning of the network operation leading to more
channels being allocated at higher frequencies. Over time, the
blocking probability of a given node pair increases and larger
wavelengths need to be scanned to find a non-blocking channel
slot. In this work, the used transmission spectra are sampled
from an exponential probability distribution to represent signal
spectra present in mesh optical networks. In the following, we
show that this is one scenario in which the real part of the
ISRS has an impact on system performance.
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Fig. 3: The impact of the real Raman spectrum on the nonlinear interference (29) as a function of channel frequency over the
entire C-band (5 THz) for a) 5 GBd and b) 40 GBd modulated channels. The SPM contribution of the total NLI was removed
via single channel DBP in the case of b) 40 GBd modulation. The results were obtained by split-step simulations of Eq. (1)
and numerically integrating the proposed model (16).
The impact of the real part, as in Eq. (29), as a function of
channel frequency is shown in Fig. 3 for channels modulated
at a) 5 GBd and b) 40 GBd. In the case of 40 GBd,
the SPM contribution of a few channels was removed via
single channel digital back-propagation (DBP). The simulation
results represents the results from numerically solving (1). The
modelling results were obtained by numerically integrating Eq.
(16). The maximum deviation between model and simulation
is 0.01 dB and 0.009 dB for 5 GBd and 40 GBd modulation,
respectively. The sampling requirements in the numerical
integration for 5 GBd modulation is higher with respect to
their 40 GBd counterpart. This results in slightly different
accuracies between the two symbol rates.
The impact of the real part is always negative, which means
that the real Raman spectrum reduces the NLI (apart from the
γ2
γ2eff
scaling as shown in Fig. 2). The impact is around 0.006 dB
for higher channel frequencies where channels are closely
spaced. The impact increases for lower frequency channels
were the occupation is more sparse. The impact of the real
part is less for 40 GBd channels compared to 5 GBd channels.
The reason is that the real part scales the XPM (and FWM)
contributions (cf. Fig. 2). 40 GBd channels exhibit a larger
SPM contribution which is unchanged by the real Raman
spectrum. In the case of 5 GBd channels, the XPM fraction
of the total NLI is higher yielding a larger impact of the
real Raman spectrum. This effect becomes particularly evident
when single channel DBP is applied to 40 GBd channels,
completely removing the SPM contribution. For the channel
located at fi = 2.5 THz, the real Raman spectrum decreases
the NLI by 0.224 dB.
The analysis shows that the impact of the real Raman
spectrum is strongly dependent on the channel occupancy
across the optical spectrum. The impact is shown to be larger
for channels that exhibit a low relative SPM contribution.
Additionally, the analysis shows that the impact of the real
Raman spectrum is not only a property of ultra-wideband
transmission and is also significant for C-band transmission
systems.
B. C+L-band transmission results I
In this section, the numerical validation is extended to a C+L
band transmission system with the same transmission spectra
characteristics as in Sec. VII-A.
The impact of the real part, as in Eq. (29), as a function of
channel frequency is shown in Fig. 4 for channels modulated
at a) 5 GBd and b) 40 GBd. Again, the SPM contribution
of a few 40 GBd channels was compensated through single
channel DBP. The maximum mismatch between simulation
and model is 0.01 dB and 0.03 dB for a) 5 GBd and b) 40 GBd,
respectively.
The maximum impact of the real Raman spectrum is
around 0.267 and 0.296 dB for the lowest frequency channel
located at -5 THz. Comparing the C+L-band transmission
case with the C-band case, there are larger XPM (and FWM)
contributions that exhibit larger frequency spacings which are
scaled stronger by the real Raman spectrum (cf. Fig. 2).
The C and C+L-band transmission results shown in Fig. 3
and 4 indicate the real Raman spectrum is relevant in network
transmission scenarios for low symbol rate channels and high
symbol rate channels that employ some form of narrow-band
nonlinearity compensation.
C. C+L-band transmission results II
In this section, the numerical validation is carried out for
a C+L-band transmission, similar to Sec. VII-B, but with a
different transmission spectrum. It is assumed that the entire
C-band is occupied and only a few channels are established
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Fig. 4: The impact of the real Raman spectrum on the nonlinear interference (29) as a function of channel frequency over
the entire CL-band (10 THz) for a) 5 GBd and b) 40 GBd modulated channels. The SPM contribution of the total NLI was
removed via single channel DBP in the case of b) 40 GBd modulation. The results were obtained by split-step simulations of
Eq. (1) and numerically integrating the proposed model (16).
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Fig. 5: The impact of the real Raman spectrum on the nonlinear interference (29) as a function of channel frequency over the
entire CL-band (10 THz) for a) 5 GBd and b) 40 GBd modulated channels. The transmission specta represent a fully occupied
C-band and a few channels lit up in the L-band. The SPM contribution of the total NLI was removed via single channel DBP
in the case of b) 40 GBd modulation. The results were obtained by split-step simulations of Eq. (1) and numerically integrating
the proposed model (16).
in the L-band. This scenario may occur when the C-band
is exhausted and operators decide to extend the transmission
window to the L-band. New demands are allocated in the L-
band, while the C-band exhibits a high spectral occupancy. In
this example, the C-band is fully occupied, whereas 4 and 3
channels are present in the L-band for a) 5 GBd and b) 40
GBd, respectively.
The impact of the real part as a function of channel
frequency is shown in Fig. 5 for channels modulated at a)
5 GBd and b) 40 GBd. The SPM contribution of a few
40 GBd channels was removed through single channel DBP.
The maximum mismatch between simulation and model is
0.008 dB and 0.003 dB for a) 5 GBd and b) 40 GBd,
respectively.
The maximum impact of the real Raman spectrum within
the C-band is 0.05 dB, which is because most XPM (and
FMW) contributions for those channels originate from closely
spaced channels, that are not strongly affected by the real
Raman spectrum (cf. Fig 2). On the other hand, the maximum
impact of the real Raman spectrum on the L-band channels is
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0.295 and 0.3 dB for a) 5 GBd and 40 GBd, respectively. This
is because most of the NLI in the L-band originates from the
C-band that has a large frequency separation and is, therefore,
scaled by the real Raman spectrum.
The study in this section indicates that the real Raman
spectrum is negligible for fully occupied transmission scenar-
ios. However, for scenarios where some bands exhibit higher
spectral occupancies than other transmission bands, the real
Raman spectrum becomes relevant. Similar to Sec. VII-C, the
real Raman spectrum has a larger impact for low symbol rate
channels or high symbol rate channels that employ some form
of narrow-band nonlinearity compensation.
In conclusion, the extension of ISRS GN model that
includes the real Raman spectrum (16)(18) exhibits excellent
accuracy compared to numerical simulations, validating the
theory proposed in this work. The derived model can be used
in the design and operation of optical communication links
and networks.
VIII. CONCLUSION
For the first time, the impact of the real Raman spectrum
on the nonlinear interference of coherent optical transmission
systems was numerically and analytically investigated. Starting
from a generalized Manakov equation, an extension of the
ISRS GN model was derived that accounts for the real part
of the complex valued Raman spectrum. Enabled by a closed-
form approximation of the extended ISRS GN model, it is
analytically shown that the real Raman spectrum scales the
NLI, in particular the XPM terms, dependent on the frequency
separation of the interacting frequencies. A novel analytical
approximation of the real Raman spectrum is proposed en-
abling fully analytical evaluations of the real Raman spectrum.
The newly derived model was numerically validated in C- and
C+L-band transmission systems.
Additionally, it is shown that the real Raman spectrum is
relevant for transmission spectra that have a varying degree
in spectral occupancy across the optical spectrum, such as in
mesh optical network transmission. This is particularly true
for channels that exhibit low SPM contributions, such as low
symbol rate channels or systems that deploy narrow-band
nonlinearity compensation (e.g. single channel DBP). It was
demonstrated that the real Raman spectrum can be neglected
in fully populated transmission systems, where the NLI is
dominated from closely spaced channels.
APPENDIX A
RELATION OF THE GME (1) TO [58, EQ. (103)].
In this section, it is shown that the GME (1) is similar to
the result in [58, Eq. (103)] for dual polarisation and [31,
Eq. (12)] for single polarisation. For this purpose, the delayed
electrical field is written as an infinite Taylor series for both
polarizations as
|Ex (t− τ)|2 =
∞∑
0
(−τ)n
n!
∂n
∂tn
|Ex (t)|2 ,
|Ey (t− τ)|2 =
∞∑
0
(−τ)n
n!
∂n
∂tn
|Ey (t)|2 .
(30)
Inserting the Taylor series description of the delayed field (30)
into the GME (1) yields
∂
∂z
Ex (z, t) =
(
−α
2
− j β2
2
∂2
∂t2
+
β3
6
∂3
∂t3
)
Ex (z, t)
+ jγEx (z, t)
∞∑
0
1
n!
∫
h (τ) (−τ)n dτ
· ∂
n
∂tn
[
|Ex (z, t)|2 + |Ey (z, t)|2
]
(31)
To relate Eq. (31) to the nonlinear transfer function H (f), the
following identity for the n’th moment of a function is used∫
(−τ)n h (τ) dτ =
(
j
2pi
)n
∂n
∂fn
H (f)
∣∣∣∣
f=0
, (32)
to obtain
∂
∂z
Ex (z, t) =
(
−α
2
− j β2
2
∂2
∂t2
+
β3
6
∂3
∂t3
)
Ex (z, t)
+ jγEx (z, t)
∞∑
0
jn
(2pi)
n
n!
∂n
∂fn
H (f)
∣∣∣∣
f=0
· ∂
n
∂tn
[
|Ex (z, t)|2 + [|Ey (z, t)|2
]
.
(33)
The real Raman spectrum nr (f) only consists of even orders,
while the imaginary part gr (f) only consists of odd orders.
Truncating (33) to first order and using the normalization as
in (10) (i.e. nr (0) = 1) yields
∂
∂z
Ex (z, t) =
(
−α
2
− j β2
2
∂2
∂t2
+
β3
6
∂3
∂t3
)
Ex (z, t)
+ jγEx (z, t)
[
|Ex (z, t)|2 + |Ey (z, t)|2
]
·
[
8
9
(1− fr) + fr − Tr ∂
∂t
] (34)
with the Raman time constant
Tr =
1
2pi
∂
∂f
gr (f)
∣∣∣∣
f=0
=
λ0C˜r
8pi2n2
. (35)
Eq. (34) is identical to the result in [58, Eq. (103)] (in
Dirac notation) which is the first-order approximation of (1)
with respect to the delayed electrical field. The Raman time
constant is estimated to Tr = 3.6 fs, using n2 = 2.1·10−20 m2W
and the Raman gain spectrum as in Fig. 1. A value of
n2 = 2.6 · 10−20 m2W yields a time constant as Tr = 2.94 fs,
consistent with [57].
APPENDIX B
DERIVING THE FIELD DESCRIPTION OF THE RAMAN GAIN
EQUATIONS FROM THE GME (1)
In this section, it is shown that the ISRS power transfer
resulting from the imaginary Raman spectrum in the GME (1)
resembles the one obtained from the Raman gain equations.
The Raman gain equations is a system of coupled differential
equations that describe the effect of ISRS in terms of optical
power [30, Eq. (3)]. The GME including the imaginary Raman
spectrum, on the other hand, describes ISRS in terms of
the electrical field, including temporal gain dynamics and
June 18, 2020 12
interactions between dispersion and Kerr nonlinearity. In the
following, the GME and its normalization (6) are confirmed by
showing that the GME reduces to the Raman gain equations in
the absence of dispersion and instantaneous Kerr nonlinearity.
Additionally, a polarization sensitive field description of the
Raman gain equations is derived that might be useful in
developing techniques to mitigate ISRS.
For simplicity, we consider a transmitted signal consisting
of only two continuous waves with powers Px,0 = |Ex,0|2 and
Px,k = |Ex,k|2 for both polarizations at (relative) frequencies
0 and fk, respectively. The waveform at the transmitter is then
given by
Ex (f) = [Ex,0δ (f) + Ex,kδ (f − fk)] ,
Ey (f) = [Ey,0δ (f) + Ey,kδ (f − fk)] ,
(36)
where Ex,0 (z), Ey,0 (z), Ex,k (z) and Ey,k (z) are complex
valued and distance-dependent, which is suppressed for no-
tational convenience. Substituting (36) in (1) and neglecting
dispersion, the instantaneous part of the nonlinear response
and the real part of the Raman response yields
∂
∂z
[Ex,0δ (f) + Ex,kδ (f − fk)] =
− α
2
[Ex,0δ (f) + Ex,kδ (f − fk)]
−
∫
df1
∫
df2 [Ex,0δ (f − f2) + Ex,kδ (f − f2 − fk)]
frγgr(f2) [Ex,0δ (f1) + Ex,kδ (f1 − fk)][
E∗x,0δ (f1 − f2) + E∗x,kδ (f1 − f2 − fk)
]
−
∫
df1
∫
df2 [Ex,0δ (f − f2) + Ex,kδ (f − f2 − fk)]
frγgr(f2) [Ey,0δ (f1) + Ey,kδ (f1 − fk)][
E∗y,0δ (f1 − f2) + E∗y,kδ (f1 − f2 − fk)
]
.
(37)
The convolution integrals are only non-zero for two fre-
quency combinations that are {f1 = 0 and f2 = −fk} and
{f1 = fk and f2 = fk}. Exploiting the fact that gr(−fk) =
−gr(fk), Eq. (37) reduces to
∂
∂z
[Ex,0δ (f) + Ex,kδ (f − fk)] =
− α
2
[Ex,0δ (f) + Ex,kδ (f − fk)]
+ frγgr(fk)
[
Ex,0E
∗
x,kEx,kδ (f)− Ex,0Ex,kE∗x,0δ (f − fk)
]
+ frγgr(fk)
[
Ey,0E
∗
y,kEx,kδ (f)− Ex,0Ey,kE∗y,0δ (f − fk)
]
.
(38)
As the Dirac delta functions in (38) are orthogonal, they can
be written into two separate, coupled equations
∂
∂z
Ex,0 = −α
2
Ex,0 + frγgr(fk)Ex,0Px,k
+ frγgr(fk)Ey,0E
∗
y,kEx,k,
∂
∂z
Ex,k = −α
2
Ex,k − frγgr(fk)Ex,kPx,0
− frγgr(fk)Ex,0Ey,kE∗y,0.
(39)
Eq. (39) is then transformed to the optical power using ∂P∂z =
∂E∗
∂z E +
∂E
∂z E
∗ resulting in
∂
∂z
Px,0 = −αPx,0 + g˜r(fk)
Aeff
Px,0Px,k
+
g˜r(fk)
2Aeff
[
E∗y,0Ex,0Ey,kE
∗
x,k + Ey,0E
∗
x,0E
∗
y,kEx,k
]
∂
∂z
Px,k = −αPx,k − g˜r(fk)
Aeff
Px,kPx,0
− g˜r(fk)
2Aeff
[
E∗x,0Ex,kE
∗
y,kEy,0 + E
∗
x,kEx,0Ey,kE
∗
y,0
]
.
(40)
Assuming that the signal in the respective polarization states
are different, the cross-polarization terms involving the com-
plex field envelope in (40) are approximately zero. Eq. (40)
furthermore indiciates that the ISRS power transfer is doubled
(in log-scale), when x and y polarization contain the same
signal. On the contrary, the ISRS power transfer is removed
when E∗y,0Ex,0Ey,kE
∗
x,k +Ey,0E
∗
x,0E
∗
y,kEx,k = −2Px,0Px,k (e.g.
Ey,0 = Ex,0 and Ey,k = −Ex,k). The field description of the
Raman gain equations in (40) can be potentially used to derive
ISRS mitigation techniques.
Finally, the optical power across both polarizations is
obtained by ∂∂zP0 =
∂
∂zPx,0 +
∂
∂zPy,0 yielding
∂
∂z
P0 = −αP0 + 1
Aeff
g˜r(fk) (Px,0Px,k + Py,0Py,k)
∂
∂z
Pk = −αPk − 1
Aeff
g˜r(fk) (Px,0Px,k + Py,0Py,k) .
(41)
For totally scrambled polarization states, we have Px,0 ≈ 12P0
and Px,k ≈ 12Pk and obtain
∂
∂z
P0 = −αP0 + 1
2Aeff
g˜r(fk)P0Pk
∂
∂z
Pk = −αPk − 1
2Aeff
g˜r(fk)P0Pk.
(42)
Eq. (42) is identical to the Raman gain equations [30, Eq. (3)]
for two co-propagating continuous waves (cw case). The factor
1
2 is typically referred to as the polarization averaging factor.
Note that (42) does not include the ratio of the photon energies
which can, however, be neglected in most cases as c+fiλ0c+fkλ0 ≈
1, with c being the speed of light in vacuum. The reader is
reminded that fi and fk are relative frequencies centered at
c
λ0
.
APPENDIX C
ANALYTICAL DESCRIPTION OF THE REAL RAMAN
SPECTRUM n˜r (f)
In this section, the real part of the Raman gain spectrum
n˜r (f) is derived from its imaginary part g˜r (f). For this
purpose, we exploit the linearity of the KK-relations (7) and
make use of the identity
A˜rcos (ω˜rf) = H
{
A˜rsin (ω˜rf)
}
. (43)
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Using (7) and (43), the real part Raman spectrum is
n˜r (f) =
C˜r
pi
p.v.
∫ B˜r
2
− B˜r2
df ′
f ′
f ′ − f + A˜rcos (ω˜rf)
=
C˜r
pi
lim
→0
[∫ f−
− B˜r2
df ′
f ′
f ′ − f +
∫ B˜r
2
f+
df ′
f ′
f ′ − f
]
+ A˜rcos (ω˜rf)
=
C˜r
pi
lim
→0
[
f log
(
B˜r
2
− f
)
− f log
(
− B˜r
2
− f
)
+B˜r − 2
]
+ A˜rcos (ω˜rf)
=
C˜r
pi
[
f log
(∣∣∣∣∣2f − B˜r2f + B˜r
∣∣∣∣∣
)
+Br
]
+ A˜rcos (ω˜rf) .
(44)
Eq. (44) yields the real part of the complex Raman spectrum
as in (13).
APPENDIX D
EXTENSION OF THE ISRS GN MODEL TO INCLUDE THE
REAL RAMAN SPECTRUM
In this section, the extension of the ISRS GN model is
derived, to account for the real part of the complex valued
Raman spectrum. First, the case of single polarisation is
derived in Sec. D-A, resulting in Eq. (26). In Sec. D-B,
the case of dual polarisation is addressed, resulting in the
extension of the ISRS GN model for dual polarisation (16)(18).
A. Single polarized signals
In this Section, Eq. (26) is derived. The impact of ISRS, the
imaginary part of Hr (f), is modelled by a generic frequency
and distance dependent gain coefficient g (z, f), as carried
out in [41, Appendix A]. Considering the case of single
polarisation (Ey (f) = 0) in Eq. (3) yields
∂Ex (z, f)
∂z
= Γ˜(z, f)Ex (z, f)
+ jγEx (z, f) ∗ {H (f) [Ex(z, f) ∗ E∗x (z,−f)]} .
(45)
Eq. (45) is then analytically solved using a first-order regular
perturbation series with respect to the nonlinearity coefficient
γ as
Ex(z, f) = E
(0)
x (z, f) + γE
(1)
x (z, f). (46)
Inserting the RP series (46) in (45) yields the zeroth order
solution as
E(0)x (z, f) = Ex(0, f) · eΓ(z,f), (47)
with Γ (z, f) =
∫ z
0
Γ˜ (ζ, f) dζ and the first order solution as
E(1)x (z, f) = e
Γ(z,f)
∫ z
0
Q(ζ, f)
eΓ(ζ,f)
dζ, (48)
with
Q(z, f) = j
∫ ∫
df1df2
E(0)x (f − f2)H (f2)E(0)x (f1)E(0)∗x (f1 − f2) ,
(49)
Eqs. (47)(48)(49) are the generic first-order approximation of
the actual solution of the generalized NLSE (45). However, to
calculate the nonlinear perturbation caused by the first-order
term, an initial condition Ex(0, f) is needed. For GN model
approaches, the initial condition is an infinitely dense fre-
quency comb, normalized to the PSD of the actual transmitted
signal, where every frequency component carries a complex,
circular, Gaussian distributed symbol [64, Eq. (13)] as
E(0)x (0, f) =
√
f0GTx(f)
∞∑
n=−∞
ξnδ (f − nf0) ,
E(1)x (0, f) = 0,
(50)
where GTx(f) is the power spectral density of the input signal,
ξn is a complex circular Gaussian distributed random variable
and T0 = f−10 is the period of the signal. For notational
brevity, we write nf0 as fn and
∑∞
n=∞ as
∑
∀n for the
remainder of this derivation. Inserting the initial condition (50)
into Eqs. (47)(48)(49) yields
Q(z, f) = jf
3
2
0
√
GTx(f − fm + fl)GTx(fm)GTx(fl)∑
∀n
∑
∀m
∑
∀l
ξnξmξ
∗
l δ (f − fm + fl − fn)
H (fm − fl) eΓ(z,f−fm+fl)+Γ(z,fm)+Γ∗(z,fl)
(51)
As shown in [65, Ch. IV.B and IV.D], only non-degenerate
frequency triplets in (51) contribute to the nonlinear interfer-
ence power to first order. Similar to [41], [65], we define the
triplets of non-degenerate frequency components as
Ai = {(m,n, k) : [m− l + n] = i and [m 6= l or n 6= l]} ,
(52)
and rewrite (51) as
Q(z, f) =
∞∑
i=−∞
δ (f − fi) jf
3
2
0∑
∀(m,n,l)∈Ai
√
GTx(fn)GTx(fm)GTx(fl)ξnξmξ
∗
l H (fm − fl)
eΓ(z,fn)+Γ(z,fm)+Γ
∗(z,fl).
(53)
Inserting (53) in (48), yields the first order nonlinear pertur-
bation as
E(1)x (z, f) = e
Γ(z,f)
∑
∀i
δ (f − fi) jf
3
2
0
∑
∀(m,n,l)∈Ai
·
√
GTx(fn)GTx(fm)GTx(fl)ξnξmξ
∗
l H (fm − fl)
µ (fn, fm, fl) ,
(54)
with
µ (fn, fm, fl) =∫ z
0
eΓ(z,fn)+Γ(z,fm)+Γ
∗(z,fl)−Γ(ζ,fm−fl+fn)dζ.
(55)
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The PSD of the nonlinear interference can then be calculated
as
G(f) = γ2E
[∣∣∣E(1)x (z, f)∣∣∣2]
= γ2
∑
∀i
δ (f − fi)
∑
∀i′
δ (f − fi′)
· e2Re[Γ(z,f)]f30
∑
∀(m,n,l)∈Ai
∑
∀(m′,n′,l′)∈A′i
· E [ξnξmξ∗l ξ∗n′ξ∗m′ξl′ ]H (fm − fl)H (fm′ − fl′)
·
√
GTx(fn)GTx(fm)GTx(fl)GTx(fn′)GTx(fm′)GTx(fl′)
· µ (fn, fm, fl)µ∗ (fn′ , fm′ , fl′) ,
(56)
where E [x] denotes the expectation operator. The expectation
in (56) gives 1 for only two cases
case 1: m = m′, n = n′, l = l′,
case 2: m = n′, n = m′, l = l′. (57)
Summing (56) over both cases (57) yields
G(f) = 2γ2
∑
∀i
δ (f − fi) e2Re[Γ(z,f)]f30
∑
∀(m,n,l)∈Ai
·GTx(fn)GTx(fm)GTx(fl) |µ (fn, fm, fl)|2
·
[
1
2
H2 (fm − fl) + 1
2
H (fm − fl)H (fn − fl)
] (58)
For the non-degenerate set Ai, we have that fm−fl+fn = fi
and for a given frequency triplet (fi, fm, fn) it follows that
fl = fm + fn − fi. We can therefore transform the sum in
(58) into a two dimensional sum as
G(f) = 2γ2
∑
∀i
δ (f − fi) e2Re[Γ(z,f)]f30
∑
∀m
∑
∀n
·GTx(fn)GTx(fm)GTx(fm + fn − fi) |µ (n,m,m+ n− i)|2
· 1
2
[
H2 (fi − fn) +H (fi − fn)H (fi − fm)
]
(59)
As in [41], we define the normalized signal power profile of
a frequency component as ρ(z, f) = e
∫ z
0
g(ζ,f)dζ and rewrite
(59) as an integral expression by letting f0 → 0 and relating
the NLI to the power level at the transmitter (i.e. multiplying
by ρ(L, f)−1 = e−2Re[Γ(z,f)])
G(f) = 2γ2
∫ ∫
df1df2 GTx(f1)GTx(f2)GTx(f1 + f2 − f)
·
∣∣∣∣∣
∫ L
0
dζ
√
ρ(ζ, f1)ρ(ζ, f2)ρ(ζ, f1 + f2 − f)
ρ(ζ, f)
ejφ(f1,f2,f,ζ)
∣∣∣∣∣
2
· [R2 (f − f1) +R (f − f1)R (f − f2)] ,
(60)
where we defined
R(f) =
1√
2
<{H(f)} , (61)
to include the real part of the complex Raman spectrum. The
normalization factor 1√
2
in (61) is introduced to be consistent
with the prefactor 2 in (60) and GN model approaches in the
absence of a delayed fiber response. Eq. (60) is the ISRS GN
model for single polarisation extended to account for the real
Raman spectrum (26).
B. Dual polarized signals
In this section, the result in (60) is extended for dual
polarized signals. The derivation is similar to the single
polarisation case using the generalized Manakov equation (1).
Inter-channel stimulated Raman scattering is, again, modelled
as a frequency and distance dependent gain as in [41]. The
derivation for dual polarized signals is similar to the single
polarization case derived in Sec. D-A, applied to each polar-
ization. However, an essential difference in the dual polarized
case is the averaging over the random variables in Eq. (56).
For the case of dual polarization, the averaging terms are
E
[
ξx,mξx,nξ
∗
x,lξ
∗
x,m′ξ
∗
x,n′ξx,l′
]︸ ︷︷ ︸
=1, for cases 1,2 (57)
+ E
[
ξx,mξx,nξ
∗
x,lξ
∗
y,m′ξ
∗
x,n′ξy,l′
]︸ ︷︷ ︸
≈0
+ E
[
ξy,mξx,nξ
∗
y,lξ
∗
x,m′ξ
∗
x,n′ξx,l′
]︸ ︷︷ ︸
≈0
+ E
[
ξy,mξx,nξ
∗
y,lξ
∗
y,m′ξ
∗
x,n′ξy,l′
]︸ ︷︷ ︸
=1, for case 3 (63)
,
(62)
where the first case resembles the averaging in Eq. (56) which
is the contribution arising from co-polarization. The second
and third average result in negligible contributions (cf. [65,
Sec. IV E]). The fourth average, however, yields a cross-
polarization contribution for
case 3: m = m′, n = n′, l = l′.
(63)
Summing over all three cases, (57) and (63) yields the ISRS
GN model extended for the real Raman spectrum as
G(f) =
16
27
γ2
∫ ∫
df1df2 GTx(f1)GTx(f2)GTx(f1 + f2 − f)
·
∣∣∣∣∣
∫ L
0
dζ
√
ρ(ζ, f1)ρ(ζ, f2)ρ(ζ, f1 + f2 − f)
ρ(ζ, f)
ejφ(f1,f2,f,ζ)
∣∣∣∣∣
2
· 9
2
823
[
2H2 (f − f1) +H (f − f1)H (f − f2)
]
.
(64)
The normalization factor 9
2
823 is introduced to be consistent
with the prefactor 1627 in (64) and GN model approaches in the
absence of a delayed nonlinear response for dual polarized
signals. Defining
R(f) =
9
8
√
3
<{H(f)} (65)
yields the ISRS GN model extended for the real part of the
complex Raman spectrum as in Eqs. (16)(18).
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